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Message Exchange via a Relay

a r b

• Three nodes / devices

• One message from a to b

• One message from b to a

• No direct link

Start with toy problems:

• No noise at the nodes

• Binary input and output alphabets

• Half-duplex constraint (i.e. a node either listens or talks but not both at
the same time)
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Physical-Layer Network Coding

The relay node doesn’t need to know the individual bits.

a r b

x1 x2

x1x2

sum rate: 2 bits in 2 transmissions (for ideal channel)
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Additive Gaussian noise:

Ya = Xr + Za

Yr = Xa + Xb + Zr

Yb = Xr + Zb

Successive channel uses:
Xa = (Xa,1, . . . , Xa,n), etc.

• Full-duplex nodes

• Power constraint: Pa, Pr , Pb

• Noise: zero mean, variance σ2
a , σ2

r , σ2
b

• Error probability:
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• Full-duplex nodes

• Power constraint: Pa, Pr , Pb

• Noise: zero mean, variance σ2
a , σ2

r , σ2
b

• Error probability:
pe = Pr({Ŵa 6= Wa} ∪ {Ŵb 6= Wb})

• Uplink: a and b transmit to r .

• Downlink: r broadcasts to a and b.

What (Ra, Rb) are achievable (pe → 0 as n → ∞)?
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PNC with Structured Codes

• Multiplexing loss: the relay tries to understand something that it doesn’t
really need to know, i.e., both messages individually.

• PNC idea: the relay should only try to understand a combination of the
transmitted messages.

• Use structured codes: Voronoi codes
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• (coding) Lattice Λc

• Fundamental (Voronoi) region RV (Λc)

• Voronoi regions

• Nested (shaping) lattice Λ ⊂ Λc
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Lattices and Voronoi Codes

• (coding) Lattice Λc

• Fundamental (Voronoi) region RV (Λc)

• Voronoi regions

• Nested (shaping) lattice Λ ⊂ Λc

• Voronoi code:
C(Λc/Λ) = (Λc + t) ∩ RV (Λ)
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b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

bbc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

12 / 27



Basic Principles One Relay Two Relays Conclusion
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• Users a and b use the same Voronoi code
C(Λc/Λ).

• Uplink: users transmit
V a, V b ∈ C(Λc/Λ).

• Relay receives V a + V b ∈ Λc.

• Relay computes
V = (V a + V b) mod Λ ∈ C(Λc/Λ).

• Side information allows each user to
recover the lattice point of the other user
based on V .
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Result for Arbitrary Channel Conditions

Theorem

The capacity region is achievable to within 1/2 bits per dimension.

Voronoi
Code

Extra
Message

cut-set region

(unknown) capacity region

achievable

Rb

Ra
δa

δb

Achievability strategy:

1. Uplink: rate splitting, Voronoi code, and superposition coding

2. Downlink: two-dimensional random codebook

(see also [Nam-Chung-Lee ’10])
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Uplink
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X
′

a
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ut

√
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mod Λ

U b

Xb
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Y r

K rmod Λ

−U a − U b

utα
MMSE

ut
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Pa − Pb

X
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a DEC
−

√
Pa − PbX̂

′′

a

• Lattice decoding: QΛc
(K r)

• Dithering and linear MMSE estimation for effective noise reduction

• K r = (αY r − U a − U b) mod Λ = (V a + V b + Z̃ r) mod Λ

• Superposition coding with successive cancellation
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ŴaŴb
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• Both relays are necessary to enable the message exchange.

• No sinks or sources at the relays
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codes
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Final Remarks

• Superposition coding for unequal power constraints does not lead to a gap
with respect to the upper bound in general.

• Different shaping lattices might provide a solution.

• Generalization to L relays (assuming full separation) is possible.
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Conclusion

• Structured codes appear to be a powerful tool to show achievability of
rates in communication networks.

• Involved principles: physical-layer network coding, broadcasting, using side
information

• In certain networks the interference of users can be harnessed.

• However, a strategy to show full achievability of the upper bound is still
not available.
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Two phases:
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2. Downlink: relay r broadcasts to the users a and b.

Choose number of blocks M (uplink-downlink pairs) large, such that

MnRa

(M + 1)n
≈ Ra,

MnRb
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≈ Rb.

What rate pairs (Ra, Rb) (in bits per channel use) are achievable with pe → 0
as n → ∞?
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